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General formula for stationary or statistically homogeneous probability density functions
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A general formula is derived for the probability density functi®@DF) of fluctuating physical quantities
measured in any stationary or statistically homogeneous process. For stationary processes, the formula relates
the PDF to two conditional means: two averages involving a general function of the quantity and its time
derivatives, the time derivative of this function and the time derivative of the quantity, taken when the
fluctuating quantity is at a certain value. A previous result by Pope and CRimgs. Fluids A5, 1529(1993)]
is a special case of this general formula when the function is chosen to be the time derivative of the fluctuating
guantity. An analogous formula is obtained for the PDF of fluctuating physical quantities measured in statis-
tically homogeneous processes with spatial derivatives in place of time derivi8u€63-651X96)01206-8

PACS numbds): 47.27.Gs, 05.40:j

In turbulent fluid flows, the physical quantities of interest, fundamental problem in turbulence. More recent interest
such as the velocity and temperature fields, display highlystems from the discovery that the PDF of temperature fluc-
irregular fluctuations both in space and time. To study suchuations in turbulent Rayleigh-Bard convection changes
processes, using a statistical approach is most natural. THeom Gaussian in the lower Rayleigh-number regifkieown
statistics of any fluctuating quantity are described by itsas soft turbulende to exponential-like in the higher
probability density function(lPDF). One would, therefore, Rayleigh-number regiménown as hard turbulengg3,4].
hope to be able to calculate the PDF’s of the turbulent quanThis discovery has prompted various studies which try to
tities directly from the equations of motion, i.e., for example,understand the non-Gaussianity of scalar fluctuations in tur-
to calculate the PDF of velocity fluctuations from the Navier-bulent flows[5-15].

Stokes equation. However, this task is highly nontrivial and, From (1), we see that the shape of the PDF, especially its
as of today, has not yet been accomplished, not even for thils, is governed by the functional dependence of the two
relatively simpler problem of temperature being a passiveonditional means ow. For turbulent temperature fluctua-
scalar advected by a random velocity field. Because of théons, both in thermal convection and in the wake of a
difficulty in obtaining explicit results for the PDF's, it is slightly heated cylinder, the conditional me@x|x) is found
useful to have exact implicit formulas relating the PDF’s to[1,11] to be reasonably well approximated by a linear func-

other physical quantities. tion of x, which implies
One such formula was derived by Pope and the present
author[1]. In this work, it is found that the PDF of any (X|x)
physical quantity measured in a stationary process can be r(X)=—7T7~—X. 2
expressed in terms of two conditional means of the time (X9
derivatives of the quantity. Denoting the physical variable by~ . .
X(t) and its PDF byP(x), the formula found is This linearity ofr(_x) has_a_lso been founc_i to hold approxi-
mately for spanwise vorticity data taken in several different
c « <)"(|x’> turbulent sh_ear flowEl6]. The existence of such simple and
P(x)= —Lexp(f ——dx’), (1)  9eneral statistical feature in turbulence, a complicated phe-
(X?|x) 0 (X?[x") nomenon, is quite surprising. In RefL6], it is noted that

linearity is one possible form af(x) such that the statistical
where(:--) denotes ensemble average and an overdot indieonstraints(r(x))=0 and (xr(x))=—1 are satisfied, re-
cates time derivative. The conditional mea(|x) and gardless of what the PDF of is. Nevertheless, the physics
(X?|x) (short hand notations fo(rj'qx:)() and (X?|X=x)) behind this simple statistical feature remains to be under-
represent, respectively, the averageXaindX?, subjectto ~ Stood. _
the condition thaX(t) is at a certain valug&. These condi- As a result of(2), the tails of the PDF of turbulent tem-
tional means are, therefore, functions xf The constant perature fluctuations is mainly determined by the functional
Cy is not arbitrary but is determined by the normalizationform of the other conditional meafiX?|x). Indeed, the
condition: f*_P(x)dx=1. For simplicity, we takg/X)=0 change of statistics from Gaussian in soft turbulence to
and(X2) = 17imn the remaining of this paper. exponential-like in hard turbulence can be directly attributed

When studying the PDF’s of fluctuating physical quanti-t0 the change in behavior diX?x) in the two turbulent
ties in turbulent flows, an interesting question is what theirregimes[11]. In Fig. 1, we plotq(x)=(X?|x)/(X?) with
shapes are. The statistics of velocity and temperature deriva«(t)=[T(t) —(T(t))1/ V([ T(t) —(T(t))]? for temperature
tives, which are believed to be small-scale characteristicaneasuremenf§(t) taken, as described in R¢#], in the two
have been known to deviate significantly from Gaussian anturbulent regimes. It can be seen clearly théx) changes
this is related to the problem of intermitteni®], which is a  from being approximately independent wf(and is, there-
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over, these general formulas imply that conditional means
involving different choices of the general function are re-
lated. Studying these relations may improve our understand-
ing of the statistics of fluctuations in turbulence.

In the following, the general formulas are derived. First
consider a stationary process. Détt) be a physical variable
measured as a function of tinteat a certain fixed spatial
location. For exampleX(t) can be the temperature or a com-
ponent of the velocity measured in a stationary turbulent
flow. Then the PDF o, P(x), is given formally by[18]

P(X)=(p(x,t)), p(x,H)=3(X(t)—X), 3

where(---) is the ensemble average and is equivalent to the
time average in stationary processes.
Differentiatep(x,t) with respect to time gives

ap_ Ip.
i (4)
Multiplying a general function‘(X,X,f(, ...) of X and its
time derivatives to both sides and taking ensemble average,
we get

O
10 t b % )

. d .
(F1x)PO0= G [(FXIX)P(O]. ©®)

q(x)
<>
e
v
g

To obtain (5), we have used the fact thaw(fp)/dt)
vanishes for stationary =~ processes and that
(POGDF(XXX, ) =(F(X, XX, ...)[x)P(x) for any
function F(X,X,X, ...).

We can also follow the method used in REd] to derive
(5). BecauseX(t) is stationary, we have

s 4 2 0o 2
®) * (fh(X)y=—(h"(X)fX) (6)

FIG. 1. The normalized conditional meg(x) = (X2|x)/(X2) as  for any differentiable functiori of X and its time derivatives
a function ofx for turbulent temperature data {g) soft turbulence and for any well-behaved functioh of X. In (6), h’'(X)
[Ra=6.9x 1CF (circles and Ra=2.1x 10’ (triangles] and(b) hard  denotes the derivative df with respect toX. Writing the
turbulence[Ra=6.0x 1¢® (pluse3, Ra=4.0x10° (crosses Ra= ensemble averages in terms of the PDF, we get
7.3x10% (triangle, Ra=6.0x 10" (asterisky Ra=6.7x10'?
(squares Ra=4.1x 10'3 (diamonds, and Ra=5.8x 10'* (circles]. - , .
Tt?e large scatter ig(x) when|x| is large is due to the less frqujent f h(x)<f|x>P(x)dx=—f h"O)(IX[x)P(x)dx.  (7)
occurence of largéx| fluctuations.

Integrating by parts the expression on the right-hand side

fore, approximately equal to)lin soft turbulence to being gives
approximately linear inx| in hard turbulence.

In this paper, | generalize the work of Pope and CHihlg
and derive a formula for the PDF. This formula contaihs
as a special case and involves two conditional means
(fX|x) and(f|x), with f being a general function of and  Since(8) is valid for any arbitrary well-behaveki(x), this
its time derivatives. Equatioitl) is recovered wherf is  implies the integrandgapart fromh(x)] have to be equal to
taken to beX. An analogous derivation of the PDF of fluc- €ach other, which is exactp). _ .
tuating quantities measured in statistically homogeneous pro- Equation(5) is valid for any differentiable functiofi. To
cesses is also carried out. The result obtained is similar t§Ptain a formula for P(x), we divide both sides by
that in the stationary case with spatial derivatives in place of fX|x)P(x) and integrate with respect ta
time derivatives. With these exact formulas for the PDF'’s of S
fluctuating quantities, insights of the underlying physics de- P(x)= Cn exp( fx (flx") dx’) 9)
termining the PDF’s can be gained via the study of the con- (JEX]|x) o (fX|x") '
ditional means. In fact, some of the conditional means can be
calculated directly from the equations of motion in certainwhereCy is again the normalization constant. Equatienis
special cases of statistically homogeneous flpii§. More-  a general formula expressing the PDFXoin terms of two

. d .
f h(x)(f|x>P(x)dx=f h(x)&[<fX|X>P(x)]dx. (8)
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conditional meangfX|x) and(f|x), wheref(X,X,X, ...)
is any general differentiable function of and its time de-
rivatives such that

(fX|x)#0 for all values ofx. (10)

Since the samé(x) can be expressed in terms of condi-

tional means involving different’s, this implies that for any
function f satisfying(10), we have

((fXIX>)
(x%x)

(flx)  d
(fX|x>_$<

_(XIx)
(X%

11

In Ref. [1], (4) is differentiated once more and the en-
semble average of the resulting equation leads to an ordinary

differential equation forP(x) which is then solved to give
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(1). A natural question one may ask is: what result one x

would get if (4) is differentiatedn times? The answer is, we
get

ik cdh
2, (~ 1 (T POPOO]

) dj+l .
(=D [ X0POOT=0 (12

with

fn+l,1:fn,1a
fn+1’j=fn’j_1)'(+i‘n’j, Vj:2,...,n,

fn+1,n+1:fn,nxr (13)
and f11=X. We see tha(12) is already contained ir5).
Moreover, (1) is a special case of the general formdt
when we takef =X. Interestingly, such a choice dfis the
simplest nontrivial choice that one can make sig€X|x)
vanishes forf being any polynomial irX in stationary pro-
cesses. .

For the next simplest choice, we take X3 and the for-
mula for the PDF becomes

_ Cy X(X2X|X')
P(X)—Wex;{SLde ) (14)

FIG. 2. Comparison of the PDF directly computed from the
temperature data of turbulent convection taken atR#&x 10'°
(solid line) with the PDF’s constructed fromil) (solid triangle$
and(14) (squarepsusing the conditional means computed from the
data.

(X]x)/{X?|x). [This means that in the left-hand side(afl),

the x dependence of the second term is much weaker than
that of the first term].We find that not only this is true, but
that the two conditional means, when normalized,

(fX)

(FX]x)

ar(X)=—7

(FX) (19

r{(x)=

are also approximately the same for X andf=X3. [Note
thatr:(x) andg:(x) for f=X are justr(x) andq(x).] The
comparison is shown in Fig. 3. As expected(x) and
q¢(x) for f=X3 scatter more.

We next consider statistically homogeneous processes.
The derivation of a general formula for the PDF in this case
exactly parallels the derivation in the case of stationary pro-
cesses described above. Suppose nfiw) is a physical
variable measured as a function of positioat a certain time
in a statistically homogeneous fluid flow. The PDF bf
denoted a®)d(y), is given by

Q(y)=(a(y.r)), q(y,r)=4aY(r)-y),

where the ensemble average) is equivalent to spatial av-

(16)

Comparing with (1), (14) contains conditional means of erage in this case.

higher powers oK. As the effect of noise in the data is more

Differentiateq(y,r) with respect tar gives

pronounced when one computes such conditional means, one

expects the PDF obtained froth4) is noiser than that from

(2). This is indeed the case, as shown in Fig. 2. The data used

are the temperature measurements taken at7/Rax 10'°[4]

J
va(y,r)=— £VY. (17

in turbulent convection. The solid line is the PDF computedTaking the scalar product of both sides with a general differ-

directly from the data, which is almost indistinguishable entiable vector functiog(Y,VY,V?2Y, ...) toboth sides and
from the solid triangles which are obtained froit). The  then ensembléor spatial averaging, we have
squares are obtained frofd4) and scatter much more, as
expected. Nonetheless, we see tfia is verified.

Since the tail of the PDF is mainly determined by the
exponential factor if9), we expect the ratio of the two con-
ditional means(f|x)/{fX|x), to be approximately the same For homogeneous systems, there cannot be any forcing from
for all allowedf’s and, in particular, approximately equal to the boundaries orY and its spatial gradient so the term

d
(V-dly)Q(y)= d—y[<g-VY|y>Q(y)]- (18
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FIG. 3. Comparison ofa) r¢(x) and (b) q(x) [see (15 for
definitiong for f=X (circles andf=X? (triangles using the same

data as in Fig. 2.
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_ Cy y(V-gly’) )
Q(y)_<|s;1-VY||y>6Xp( o<@1-VY|y’>Oly - (@0

Again, since(20) is valid for any generaf) satisfying(19),
this implies that the conditional means for different choices
of g are related. The relation is similar (@1):

(V-dy) _g[ (<|9'VY“V>H: (VYY) oy
(g-VYly)y dy[ \(IVYPly) [ (VYPly)”

A special result of the general formul20) is obtained by
choosingg=VY:

(y)= p( YWZY'” d ) 22
QY <|vv|2|y> o WY Y )

which is the exact analog @) for stationary processés5].
This result is partcularly interesting because we find that, in
certain circumstances, the conditional meéjy|?|y) and
(V?Y|y) can be evaluated directly from the equations of mo-
tion [17].

In summary, general formulas in terms of conditional
means are obtained for the PDF of fluctuating physical vari-
ables in both stationary and statistically homogeneous pro-
cesses, including turbulent fluid flows. We do not expect
these formulas themselves will lead to deeper understanding
of turbulence as their validity does not rely on the actual
physics of the processes. However, physical insights can be
gained through the study of the conditional means, especially
when these conditional means have simple features that hold
generally in various different turbulent flows. Moreover,
these general formulas may also provide a means for evalu-
ation of conditional means involving high-order time deriva-
tives of the variable, which cannot be accurately computed
directly from the data when the latter is not sampled fast
enough.

(V-(qg)) vanishes. As in the case of stationary processes,

(18) can be derived by another method. Solvifig) for

those functiongy's such that

(g-VY|y)#0 for all values ofy,

we find
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